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The aims of this study were to demonstrate ‘‘order error” in the calculation of continuous relative phase
(CRP) and to suggest two alternative methods—(i) constructing phase-plane portraits by plotting position
over velocity; and (ii), the Hilbert transform—to rectify it. Order error is the change of CRP order between
two degrees of freedom (e.g., body segments) when using the conventional method of constructing
phase-plane portraits (i.e., velocity over position). Both sinusoidal and non-sinusoidal simulated signals
as well as signals from human movement kinematics were used to investigate order error and the per-
formance of the two alternative methods. Both methods have been shown to lead to correct results for
simulated sinusoidal and non-sinusoidal signals. For human movement data, however, the Hilbert trans-
form is superior for calculating CRP.

� 2018 Elsevier Ltd. All rights reserved.
1. Introduction

Over the past few decades, an increasing number of studies in
the biomechanics and motor control literatures have attempted
to quantify the coordination, or coupling relationship, among the
component parts, or degrees of freedom (DOF), of the human
movement system. At the behavioural level of analysis, continuous
relative phase (CRP) has been one of the most popular methods for
quantifying intra- and inter-limb coordination. CRP represents the
difference in the phase angles obtained from two DOF (e.g., thigh
and shank angles during a gait cycle). To calculate CRP,
phase-plane portraits are constructed for each DOF and the phase
angle of one DOF is subtracted from the phase angle of the second
DOF (Fig. 1). However, while several studies have highlighted
issues affecting the correct calculation and interpretation of CRP,
such as range-normalisation (Hamill et al., 1999; Kurz and
Stergiou, 2002; Peters et al., 2003), joint vs. segment angles
(Lamb and Stöckl, 2014), and discrete vs. cyclic movements
(Lamb and Stöckl, 2014), little attention has been paid to the
appropriate construction of phase-plane portraits to achieve a
correct order of CRP between segments.

To demonstrate this issue, consider the sinusoidal signal xðtÞ in
Eq. (1):

xðtÞ ¼ A sinðxxt þ hxÞ ð1Þ
where t, A, xx, and hx are time, magnitude, frequency, and phase
shift, respectively. The conventional method of calculating the
phase angle is, first, to construct a phase-plane portrait by plotting
the signal, x, on the abscissa axis, against its time derivative, _x, on
the ordinate axis. Then, the phase angle is determined as the angle
between the line connecting the origin to a point on the phase-
plane trajectory and the right horizontal. Therefore, we have:

/xðtÞ ¼ arctan
_xðtÞ
xðtÞ

� �
ð2aÞ

¼ arctan
Axcosðxxt þ hxÞ
A sinðxxt þ hxÞ

� �
ð2bÞ

where /x is the phase angle of signal x, and _x is the time derivate of
x. After range-normalising x (Peters et al., 2003), we have:

/xðtÞ ¼ arctan
cosðxxt þ hxÞ
sinðxxt þ hxÞ

� �
ð3aÞ

¼ arctanðcotðxxt þ hxÞÞ ð3bÞ
It is evident from Eq. (3b) that the inverse tangent of a cotan-

gent function will not result in the associated angle. Indeed, since
cotðaÞ ¼ tan p

2 � a
� �

, Eq. (3b) reads:

/xðtÞ ¼ arctan
�
tan

�
p
2
� ðxxt þ hxÞ

��
ð4aÞ

¼ p
2
� ðxxt þ hxÞ ð4bÞ

In other words, using the conventional method of constructing a
phase-plane portrait and calculating the phase angle, there is a
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Fig. 1. The conventional method of calculating continuous relative phase (CRP) using exemplar gait data: (top row) phase-plane portraits are constructed from normalised
angular displacement and angular velocity of each segment; (middle row) phase angles are then calculated from the phase-plane trajectories of each segment; (bottom row)
finally, CRP is calculated by subtracting the phase angle of the distal segment (shank) from the phase angle of the proximal segment (thigh) at each instant of time.
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Fig. 2. Two simulated sinusoidal signals where signal x(t) is 18� ahead of signal y(t) (top), and the corresponding CRP calculated using conventional, alternative, and the
Hilbert methods (bottom). Note that the CRP lines for the Hilbert and alternative methods coincide.
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90� shift in the phase angle. Similarly, for the sinusoidal signal, y(t),
the phase angle is:

/yðtÞ ¼
p
2
� ðxyt þ hyÞ ð5Þ

To calculate the CRP between signals x(t) and y(t) (i.e., D/x�y),
the phase angle of signal y(t) should be subtracted from the phase
angle of signal x(t). Therefore, we have:

D/x�y ¼ /xðtÞ � /yðtÞ ð6aÞ
¼ p

2
� ðxxt þ hxÞ � p

2
� ðxyt þ hyÞ

� �
ð6bÞ

¼ ðxyt þ hyÞ � ðxxt þ hxÞ ð6cÞ
In a special case such as human walking where xx ffi xy ¼ x,

Eq. (6c) reads:

D/x�y ¼ ðxt þ hyÞ � ðxt þ hxÞ ð7aÞ
¼ hy � hx ¼ D/y�x ? ð7bÞ

where ? shows contradiction. In other words, with the conven-
tional method, we get an ‘‘order error”. That is, while the intention
was to determine the CRP in x-y order, the result is an y-x order or
180� phase shifted. While this artefact is not important when calcu-
lating the absolute value of CRP, it becomes significant when pre-
serving the negative and positive signs as they influence the
qualitative interpretation of coordination patterns among DOF.
For example, if the phase angle of the distal segment is subtracted
from the phase angle of the proximal segment, then positive CRP
values indicate that the proximal segment leads the distal segment.
However, according to Equations (6a-c), the conventional approach
of calculating phase angle provokes misleading results by changing
the order of subtraction.

Two solutions could be proposed to rectify the order error: first,
constructing phase-plane portraits by plotting position (x,
ordinate) over velocity ( _x, abscissa) and second, using the Hilbert
transform. By plotting position over velocity (the alternative
method), Eq. (2a) becomes:

/x ¼ arctan
xðtÞ
_xðtÞ

� �
ð8aÞ

¼ arctanðtanðxt þ hxÞÞ ð8bÞ



Fig. 3. Two simulated non-sinusoidal signals where signal y(t) is 126� shifted with respect to of signal x(t) (top), and the corresponding CRP calculated using conventional,
alternative, and the Hilbert methods (bottom).
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¼ xt þ hx ð8cÞ
Therefore, the 90� phase shift of the phase angle no longer exists

and thus D/x�y ¼ hx � hy.
Calculation of the phase angle using the Hilbert transform intro-

duced by Lamb and Stöckl (2014) (see also Rosenblum & Kurths,
1998, and Varlet & Richardson, 2011) is also an appropriate
method to overcome order error. According to this method, the sig-
nal x(t) is first transformed to an analytic signal f using the Hilbert
transform:

f ¼ xðtÞ þ iHðtÞ ð9Þ
where the Hilbert transform H(t) of xðtÞ serves as the imaginary part
of the analytic signal. Then, the phase angle at each time point /x is
calculated as:

/x ¼ arctan
HðtÞ
xðtÞ

� �
ð10Þ

Finally, the CRP between signals x(t) and y(t) (i.e., D/x�y), is cal-
culated as D/x�y ¼ /x � /y. This method has also been used to
determine intra-limb coordination in human movement (Lamb
and Stöckl, 2014; Mehdizadeh et al., 2015). The CRP calculated
using the Hilbert transform is free of frequency artefacts (Lamb
and Stöckl, 2014).

The aim of this study was, therefore, to demonstrate order error
and the virtues of the two alternative methods discussed. The fea-
sibility of the two suggested methods are also evaluated and dis-
cussed. Both sinusoidal and non-sinusoidal simulated signals as
well as signals from human movement kinematics were used to
investigate order error.
2. Methods

2.1. Sinusoidal signals

Two sinusoidal signals xðtÞ ¼ sinð2tÞ; t 2 ½0;2p� and an 18�
phase delayed signal y(t) = sinð2t � 18�Þ which have previously
been used in coordination studies (Lamb and Stöckl, 2014), were
adopted in this study (Fig. 2).
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2.2. Non-sinusoidal signals

The two non-sinusoidal signals used in this study were (Lamb
and Stöckl, 2014; Peters et al., 2003):

xðtÞ ¼ cosðt � 0:25pÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 0:414182 � 2� 0:41418sinðt � 0:25pÞ

q ; t 2 ½0;2p�

ð11Þ

and y(t) as the 126� phase shifted version of x(t) (Fig. 3).
2.3. Human movement kinematic data

Sagittal plane shank and thigh angles of a young healthy male
were calculated while walking at his preferred walking speed
(Fig. 4).
Fig. 4. Normalised thigh and shank signals (top), and the corresponding CRP ca
2.4. Calculating CRP

CRP was calculated using the three methods discussed in the
introduction, i.e., by plotting velocity over position (conventional
method; Hamill, et al., 1999), by plotting position over velocity
(alternative method), and with the Hilbert method (Lamb and
Stöckl, 2014). In all cases, to calculate CRP, signal y(t) (shank for
kinematic signal) was subtracted from signal x(t) (thigh for kine-
matic signal).
3. Results

3.1. Sinusoidal signals

Fig. 2 shows the two sinusoidal signals, and CRP calculated
using all three methods. As signal x(t) is 18� degree ahead of y(t),
D/x�y should be a straight line on 18�. However, calculating the
phase angle using the conventional method resulted in a 180� shift
lculated using conventional, alternative, and the Hilbert methods (bottom).
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(i.e., �18�). Using the alternative and also the Hilbert methods, on
the other hand, led to correct results.

3.2. Non-sinusoidal signals

Considering non-sinusoidal signals (Fig. 3), since signal y(t) is
126� shifted with respect to x(t), D/x�y should be oscillating around
126�. The results using the conventional method, however, led to
CRP oscillating around �126� while using the alternative method
as well as the Hilbert transform resulted in CRP oscillating around
126�.

3.3. Human movement signals

The thigh and shank signals are illustrated in Fig. 4. It is evident
that the thigh signal leads the shank signal. However, of the three
methods, only the Hilbert transform calculated positive values for
thigh-shank CRP. Moreover, the CRP patterns calculated using the
traditional and alternative methods were different from each other
and the Hilbert method.

4. Discussion

The aims of this study were to: (i) demonstrate order error in
the calculation of CRP when using the conventional method of con-
structing phase-plane portraits (velocity over position); and (ii) to
examine two solutions (i.e., the alternative construction of the
phase-plane portrait by plotting position over velocity and the Hil-
bert transform) to rectify the order error. The feasibility of the sug-
gested methods was explored using sinusoidal and non-sinusoidal
signals as well as signals from human movement kinematics.

Our findings indicate that both the alternative and Hilbert
transform methods are appropriate procedures for rectifying order
error as it was analytically demonstrated in the Introduction. In
our study, we used simulated sinusoidal and non-sinusoidal sig-
nals which have been utilised previously (Lamb and Stöckl, 2014;
Peters et al., 2003). However, the results of these studies are
comparable to our findings using the conventional method of con-
structing phase-plane portraits showing the presence of order
error in the previous literature (e.g., see Fig. 4 of Peters et al.,
2003, and Figs. 1 and 3 of Lamb and Stöckl, 2014, and compare
to results of our study).

For the signals of human movement kinematics, our results
(Fig. 4) indicate that, although both the alternative method and
the Hilbert transform are superior to the conventional method,
the Hilbert transform yields better results. This is due to the fact
that, in contrast to simulated signals which only contain one
frequency in their frequency spectrum, signals of human move-
ment are comprised of a range of different frequencies. Thus,
range-normalising of segmental angular velocity using approaches
suggested in previous studies (Hamill et al., 2000; Kurz and
Stergiou, 2002; Lamb and Stöckl, 2014; Peters et al., 2003) will
not resolve issues with frequency artefacts. Using the Hilbert trans-
form, on the other hand, will account for this issue as it has previ-
ously been demonstrated by Lamb and Stöckl (2014) that the CRP
calculated using Hilbert transform is free of frequency artefacts.
Therefore, we suggest that when calculating CRP for human move-
ment signals which exhibit significant non-sinusoidal behaviour,
the Hilbert transform is a better choice. The only issue with the
Hilbert transform is that the phase-plane portraits and phase
angles cannot be shown visually as the Hilbert transform alters
the signal to a complex space containing real and imaginary com-
ponents which cannot be depicted on the real axes.

One point to mention here is that another suitable method of
quantifying coordination could be cross-correlation. However,
cross-correlation is based on the assumption that there is a linear
relationship within segments or joints, which is not always the
case. If the data are nonlinear, a transformation such as a log–log
transformation is required to linearize the data. However, if the
coefficient of cross-correlation is still small after the transforma-
tion (implying that there is still no linear relationship between
the segments of interest), cross-correlation is not suitable. Another
disadvantage of the cross-correlation technique is that it provides
only one measure per movement cycle (Wheat & Glazier, 2006).

In summary, the implication of our findings is that, in addition
to issues such as normalising and frequency artefacts investigated
in previous studies (Hamill et al., 2000; Kurz and Stergiou, 2002;
Lamb and Stöckl, 2014; Peters et al., 2003), consideration needs
to be given to, and precautions taken to avoid, order error. This
issue, however, is only important when the order of coordination
of the moving segments (i.e., the sign of CRP value) is of concern.
When the objective is to calculate the absolute value of CRP, order
error is of little consequence.

5. Conclusion

This study showed that the conventional method of construct-
ing phase-plane portraits (i.e., velocity over position) leads to order
error in calculating CRP. That is, this method will change the order
of coordination from a proximal-distal order to a distal-proximal
order or vice versa. Two alternative approaches are suggested to
rectify order error: (i) constructing phase-plane portraits by plot-
ting position over velocity; (ii), use the Hilbert transform. Both
solutions have been shown to lead to correct results for simulated
sinusoidal and non-sinusoidal signals. For human movement data,
however, the Hilbert transform is superior for calculating CRP.
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